Theor Chem Acc (2010) 127:1-17
DOI 10.1007/s00214-010-0760-4

FEATURE ARTICLE

Wavepacket quantum dynamics

Gabriel G. Balint-Kurti

Received: 24 February 2010/ Accepted: 16 April 2010/ Published online: 12 May 2010

© Springer-Verlag 2010

Abstract The article reviews the use of wavepackets in
molecular quantum dynamics. The basic theory concerned
with their use in both reactive molecular scattering and
photodissociation dynamics is outlined. The great advan-
tage of using wavepackets is that the full S matrix for the
scattering problem need not be evaluated, and the numer-
ical effort can be concentrated on those initial molecular
quantum states which are of interest. Wavepackets may
be used within a time-dependent or a time-independent
framework, both are discussed and compared. Some
examples of calculations from both reactive scattering and
photodissociation theory are given.
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1 Introduction

The first quantum mechanical time-dependent wavepacket
treatment of a collinear reactive scattering process was
published by Mazur and Rubin [1] in 1959 and was fol-
lowed by several further investigations [2-8]. These early
works were not however actively pursued and for a period
after this time-independent treatments of quantum reactive
scattering were intensively and almost exclusively deve-
loped and used [9-15].

Starting in 1978 Heller and co-workers published a
series of important articles using a time-dependent
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wavepacket approach to calculate photodissociation cross
sections and Raman spectra [16—19]. While some exact,
two mathematical dimensional calculations were described
in these early works, [20] including the evaluation of
product quantum state distributions, the main emphasis was
on semi-classical methods of solving photodissociation
dynamics. This work has been developed to great effect by
several groups who have applied it extensively to the
photochemistry of large systems [21-24]. Other groups
have used exact quantum dynamics to describe the motion
of some atoms in a large system while using classical
mechanics to describe the motion of other atoms [25, 26].
In the present paper we will not discuss these semiclassical
or mixed quantum classical methods, but will rather con-
centrate on the use of exact quantum dynamical methods.

Important breakthroughs in the application of quantum
wavepacket dynamics were first the introduction of grid-
based Fourier transform methods [27-29], which permitted
the rapid evaluation of the action of the Hamiltonian
operator on the wavepacket and secondly the introduction
of the highly efficient Chebyshev expansion [30-32] of the
time-evolution operator, which greatly increased the
accuracy of the solution of the time-dependent Schrodinger
equation. As we will see below later developments of this
method permitted the introduction of various even more
efficient time-independent wavepacket approaches, which
use the iteration number of the Chebyshev expansion to
replace the time variable.

Molecular quantum mechanical scattering calculations
are extremely demanding on computational resources.
Wavepacket approaches make the calculations greatly more
efficient because they are initial value problems [33] and
therefore only solve one column of the S matrix at a time,
concentrating numerical effort on those initial states which
may be populated in the experimental situation of interest.
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Several recent reviews of quantum wavepacket dynamics
have been published [34—41]. This article will outline the
application of wavepacket dynamics to reactive scattering
and photodissociation theory.

2 Time-dependent versus time-independent
formulation

The quantities of interest in photodissociation and reactive
scattering, such as cross sections, are always functions of
the energy or frequency, rather than of time. As time and
energy are canonically conjugate variables [42] the quan-
tities dependent on them are related by Fourier transforms,
in the same way as are coordinate and momentum wave-
functions [43, 44].

In order to illustrate the relationship between the time-
dependent and the time-independent formulations we
consider the total photodissociation cross section for a
triatomic molecule [16, 36].

We can write the total photodissociation cross section
as:

Gun(E 2’”Z/dkumrmuf)\ vl (1)

vjm;

where Zvjm,» represents a summation over all possible final
states of the system with energy E scattered into the
direction ﬁ,ﬁ is the transition dipole moment, € is the
electric field vector of the photodissociating light,
Wi, (0 R k,E) is a continuum scattering wavefunction
with well defined outgoing internal fragment states and ;
is the initial bound state wavefunction.

We can now rearrange this equation by expanding out
the squared matrix element and bringing the summation
into the centre of the expression.
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The curly bracket in the middle of Eq. (2) is a projection
operator onto a wavefunction of energy E with a
summation over all other quantum numbers. It is
therefore an identity operator, but with a projection onto
a well defined total energy. An alternative way of writing
this is:
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The Dirac delta function of the energy, 5(fl —E), can
be written as a Fourier transform over time:

SH-E) = ﬁ dr exp lii(Hh E) (4)

—00

This expression contains within it the time-evolution
—iHr

operator, exp[ ] and is the key to introducing the time

variable into the calculation of the photodissociation cross
section. We now define the product of the initial
wavefunction and the transition dipole moment as the
initial wavepacket, ®;(r,R,z =0) :

|(D(l’7R7t=O)> :g'ﬁ|‘//i>7 (5)

where € is the unit length electric field vector of the light
wave.

The action of the time-evolution operator on the initial
wavepacket (Eq. 5) gives a time evolved wavepacket at
time #:

—iHr

|®(r,R, 1)) = exp [ ®(r,R,t =0), (6)

Using Eqs. (3-6) in Eq. (2) we get the following
expression for the total integral photodissociation cross
section:

G (E) = 1% /Oo dr exp [’—‘;’] (®(r, R, 1 = 0)|d(r, R, 1))

exp {l%} (D(r, R, = 0)|D(r,R,1)).

(7)

The term (®(r,R,z=0)|®(r,R,7)) is a so-called
autocorrelation function involving the overlap of an
initial wavepacket with the wavepacket evolved to a
later time. The total cross section is then a Fourier
transform of this time-dependent function at a particular
energy. The Fourier transform converts the time-
dependent quantity to the energy-dependent quantity of
interest.

For partial and differential photodissociation cross sec-
tions corresponding derivations and analyses are given in
Refs. [36, 45]. The derivation of time-dependent expres-
sions for reactive scattering cross sections and S matrices is
discussed in Refs. [36, 46, 47].
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3 The Real Wavepacket method

The so-called time-independent wavepacket method for
reactive scattering was developed by Kouri and co-workers
[48-55]. The method is based on the time-dependent for-
malism combined with the Chebyshev expansion of the time-
evolution operator [30—32]. Then, instead of performing the
time-evolution of the wavepacket, the formal equations for
the evaluation of the S matrix, including the Chebyshev
expansion of the evolution operator, are written down. The
summation over the Chebyshev polynomial orders and the
integration over time are exchanged, and the integration over
time is performed [41]. The result is a formalism for the
evaluation of the scattering S matrix involving a summation
over different orders of the Chebyshev polynomials with the
coefficients in the expansion being computed iteratively by
repeated operation on the (time-independent) wavepacket
with a scaled Hamiltonian operator.

Gray and the present author developed a similar proce-
dure, called the Real Wavepacket method, for computing
reactive scattering probabilities, but starting from a com-
pletely different viewpoint [56]. Their starting point was an
iterative equivalent to the time-dependent Schrodinger
equation.

The time-dependent Schrodinger equation is:
iﬁgﬁzﬁmo (8)

ot
If the Hamiltonian, ﬁ, does not depend on time, this
equation has the analytic solution:
D(r) = exp —H

D(r=0). 9)

exp [%HT} is the time-evolution operator and propagates the

wavepacket forward in time from r=0 to r=r.
Expanding the propagator in terms of cosines and sines,
we may write:

D(r +7) = cos |- | (1) — isin |- | (7). (10)

The corresponding expression for the backward propaga-
tion, from ¢t to t — 7 is:

h

(I) — =
(t — 1) = cos A

®(1) +isin O(r). (11)

By adding Egs. (10) and (11) we obtain [57]:

®(1 4+ 7) = 2 cos % () — Ot — 7). (12)

This equation is exact and constitutes an iterative equation
equivalent to the time-dependent Schrdédinger equation

[57-59]. The iterative process itself does not involve the
imaginary number i and therefore, if ®(¢) and ®(z — 1)
were the real parts of the wavepacket, then ®(¢ 4 t) would
also be real and would be the real part of the exact
wavepacket at time (¢ 4+ 7). Thus the real part of a complex
wavepacket can be propagated forward in time without
reference to the imaginary part. This is the basis of the Real
Wavepacket method.

The iterative procedure of Eq. (12) involves the eva-
luation of the cosine of H acting on a wavepacket. This is a
difficult operation to perform. In the Real Wavepacket
method a mapping of the Hamiltonian operator is per-
formed to overcome this problem.

FRL) = ~eos (1), (13)
where I:IS is a shifted and scaled Hamiltonian. This shifting
and scaling is required so as to make the mapping single
valued and is such as to make the range of the Hamiltonian
operator lie in the interval —1 < I:IS <1;
- H - T(AE + Vi
m:——ii—ﬂﬁ (14)
2

where we have replaced E,;,, the minimum energy, by
Vinin- AS Vinin < Emin this is always permissible and just
leads to a slight overestimate of the range of the Hamil-
tonian operator. Note that this scaling and shifting of the
spectrum is identical to that required for the use of the
Chebyshev expansion of the time-evolution operator [30,
34, 41].

The use of this mapping (Eq. 13) means that we are no
longer solving the time-dependent Schrddinger equation,
but rather a modified equation of the form:

. 0D (t .
% i), (1)
where a subscript “f” has been placed on the

wavefunction to emphasise that it is the solution of a
mapped equation rather than of the original time-
dependent Schrodinger equation. The same arguments
which led to the iterative equation equivalent to the time-
dependent Schrodinger equation Eq. (5), now lead to the
simplified form:

OF (1 + 1) = 2H, D (1) — OF (1 — 7). (16)

where the superscript R in (D}e(t) indicates that only the real
part of the wavepacket is used.

I emphasise again that this equation is exact and is
completely equivalent to the time-dependent Schrodinger
equation.

Gray [57] has shown that, when an absorbing technique
is included in the propagation of the wavepacket to prevent
it from reaching the edge of a finite grid, the absorption
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should be performed in the same way as was later dis-
cussed by Mandelstam and Taylor [60] namely:

O (14 1) = A{zﬂsq;;f(t) — AD( - r)} (17)

where A is a damping operator and may have the form
exp|— Vabs (x) /7], such that V,,.(r) is non-zero only in an
absorbing region close to the edge of the grid and is in
general similar in form to the negative imaginary part of
the more widely used negative imaginary absorbing
potentials [61, 62].

Note that the time step, 7, has been included in the
mapping of the Hamiltonian operator (Eq. 13). In practise
all the Fourier transforms over time (see Eq. 7) are per-
formed using a trapezoid rule approach. With this in mind
we can now replace the integrations over time by sum-
mations over the iteration number. Therefore, we replace
time using ¢t = kt, where k is the iteration number and 7 is
the time step.

2 r iEt
oo (E) = 2 / dr exp {l} (®(r,R, 1 = 0)|D(r, R, 1))
ce h
0
27y KX iEkt
= ‘cexp[ :|<q)0|(1)k> (18)
cep =0 h
where ®; = ®(r, R, k1).

We now use the mapping E; — f (E) as in Eq. (13)
(also @, — @y, see Eq. (15)) and obtain:

df 2my 'S 1
dE cey Z erx

k=0

oot (f) = p [lﬂ%] (D 0| Dr)- (19)

The factor & d—E which has been introduced into Eq. (19)
arises from the conversion of the Dirac delta function in
Eq. (3) from a function of E to a function of f [41, 56]. In

Ref. [41] it is shown that:
df h 1 2
4E T T-EIAE
There remains a factor of 7 in the exponential in Eq.
(19). The arbitrary value of the time interval Tt cannot
change any measurable quantity. We therefore choose to
set +=1. This procedure is in keeping with past
derivations and results in agreement with expressions for
quantities such as the scattering S matrix derived using
different methods [48]. Making this change and
substituting Eq. (20) into Eq. (19) we obtain:

(20)

)= o g B ) )
As it stands the iterated wavepackets, @y, are complex.

In Ref. [56] and in “Appendix F” of Ref. [41] we show
that if only the real part of the wavepacket is used, the
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resulting cross section (or matrix element) must be
multiplied by a factor or 2. Our final expression for the
total integral photodissociation cross section therefore
becomes:

O-tot(f) CGQAE \/ﬁ Z exp lfk <(I)f ()‘(I)f k> (22)

where CDfJ( indicates the real part of the wavepacket. No
superscript R has been placed on the initial wavepacket
@y as it is in any case real.

There is a small residual difficulty in the determination
of the first iterate @y ;. This is a complex wavepacket and
cannot be determined using the iteration method of Eq.
(16) as only a single previous iterate is known. We there-
fore need to determine it using Eq. (10) or its equivalent
[see Ref. 56]:

H H
(I)f"l = COS M (D() —isin M (D()
n h
—Beos™ (H)t . |~EcosT!(Hy)T
=cos |—————| Dy —isin | +———| Dy
h n

= cos [~ cos ™' (H,)]®o — isin [~ cos ™ (H,) ] Do
= H,®, + isin [cos’1 (I:IS)](I)O
=H,®) + i\/l — (cos [cos*l(I:IS)])ZCDO
= H,® +ir/1 — (H,) . (23)

The evaluation of /1 — (I:IS)2(I)0 is discussed in detail
in “Appendix C” of Ref. [4]1]. Once ®; has been
evaluated, we take its real part to obtain (D]fl =RI{Ds,}
and further iterates are obtained using the recursive
relationship (see Eq. 16):

k = 2H,® fk 1 (Df,kfz- (24)

The advantages of using only the real part of the
wavepacket accrue in terms of both storage and a large
reduction in the number of arithmetic operations required
for the propagation of the wavepacket. An advantage of
using a summation over the iterate number, rather than
using a Chebyshev expansion of the time-evolution
operator to repeatedly propagate the wavepacket forward
by a small increment of time, is that overall a far fewer
number of operations of the Hamiltonian operator are
required.

I have outlined above the application of the Real
Wavepacket method to the evaluation of the total integral
photodissociation cross section. Its application to other
types of photodissociation and reactive scattering cross
section are described in Ref. [41] and elsewhere. This
reference also gives comparisons with other related
methods [48-70].
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4 Final state analysis
4.1 Time-independent formulation

In both photodissociation and reactive scattering we often
seek information about the final product quantum states.
This information takes the form of partial cross sections.
The cross sections may be either differential (scattering
angle dependent) partial cross sections or integral partial
cross sections, which provide the total probability of pro-
ducing products in specified quantum states. In either case
the final state of the scattered products must be analysed.
There are four somewhat different ways of performing this
analysis. The first method of analysis involves computing
the energy-dependent wavepacket and overlapping it with a
test Gaussian-like function in the product scattering coor-
dinate multiplied by a wavefunction for a pure quantum
state of the products [52, 71, 72—75]. This gives an
amplitude for forming a particular product quantum state
from a well specified initial quantum state of the original
molecule or reactants. The other methods involve examin-
ing the time-dependent wavepacket in the exit channel of
the reaction or photodissociation process. In the first of
these the time-dependent wavepacket is projected onto
product quantum states in the exit channel and is analysed
into its component radial wave vector components, thus
defining the scattering into a given final product quantum
state and total energy [76]. This is very similar to the first
method, but does not involve specific transformation from
the time to energy domains. The third method involves
projecting the wavepacket in the exit channel onto specific
product quantum states and then calculating the flux of each
of the states through a surface placed perpendicular to the
outgoing scattering coordinate [77, 78]. The final method,
which is the one we will concentrate on, involves taking a
cut through the time-dependent wavepacket at a fixed, large,
value of the scattering coordinate at each time step. This cut
through the wavepacket is then projected onto the different
product quantum states of the system yielding a time-
dependent coefficient for each product quantum state. The
Fourier transform of these coefficients then yield energy-
dependent amplitudes for the production of each of the
possible product quantum states. These amplitudes may
then be used to compute either S matrix elements or state-
specific reaction probabilities [45, 47, 79].

The equation for the integral partial photodissociation
cross section may be written in the form (see Eq. 1):

272y N . Lo 2
o (E) = 7 [ k|, (e Rk E)E- i) (25)

We now need to express the continuum wavefunction
Wyjm, (1, R;K, E) and the initial wavepacket, “¢-filys;)”

(see Eq. 5), in terms of body-fixed coordinates and to
utilise the fact that functions belonging to different total
angular momenta are mutually orthogonal.

The continuum wavefunction can be written in the
form [36]:
Vim0 RKE) =Y > " ¥y, (K) (LM |jmylm)

JM  Imp

J
x Y (JjI0lJKj — K)
K=1

J
x YO (R0 E)J,K' M, p >,

K=
(26)
where
3 i K
o7 (r,R, 0;E) = ks 2 47IZ Gl )
"2 (27) 77 2(1 + 0ok)
o7 (R)

r - O (On(r). (27)

and lJ, K, M, p ) are parity adapted eigenfunctions [80] for
the overall rotation of the system corresponding to a total
angular momentum (J) and to specified space-fixed (M)
and body-fixed (K) z components; @/ (r R 0;E) is a
body-fixed wavefunction with the correct boundary con-
ditions [36, 81] so as to yield the asymptotic behaviour of a
pure outgoing plane wave, (Jj[01J Kj — K) are Clebsch—
Gordan angular momentum coupling coefficients, [82, 83]
r, R, 0 are the body-fixed Jacobi coordinates with 6 being
the angle between the scattering coordinate R and the
diatomic molecular axis direction, r [see Ref. 80] and
O;k (0) are normalised associated Legendre Polynomials
[83].

The parity adapted total angular momentum eigen-
functions [80-83] are composed of the sum or difference
of two Wigner D matrices and are functions of the three
Euler angles which orient the three atoms in the labora-
tory frame.

The asymptotic form of the body-fixed radial scattering
wavefunction, (DS,J].V,‘;? (R), is [81, 84]:

o) (k)

1 .
ik /R
ViK' R—o00——|e™ 5vv’5jj’5l<k/

IKy;
1
Sjp* kv’j’ : —ikyyR (28)
T OyK VK k.- €
v]

The initial wavefunction, i;, appearing in Eq. (1) is also
an eigenfunction of the total angular momentum, with
J = J,, of its space-fixed z component, M = M;, and of the
parity, (— 1)’7**”_It may be written in the form:
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Ji

Z lpf,-,l(f.p(r’ R,0)|J;, Ki, M;, p)

Ki=4

v, = PP (r R0, 0) =

(29)

where o represents the Euler angles which orient the
molecule in the laboratory reference frame.

The initial wavepacket for the photodissociation pro-
cess, as given in Eq. (5), is ®(r,R,t=0) =¢€- [i|y,).
When written in terms of the parity adapted eigenfunctions
of total J, this can be shown to be equal to [80]:

O;(r,R,t =0) =€ fily;)
/A 1 J'
_ 2 : (1)m+M,'< )

F=Ie m M; —(m+M;)
J ,
X {Z@{K(r,R,e,t O)|J’,K,Mi+m,p’>} (30)
K=

where the detailed form of ®/%(r,R, 0,1 = 0) is given in
“Appendix A” [80, 85].

As expected from the vector property of the polarisation
vector of the incident light beam the initial wavepacket
becomes a linear combination of functions with up to three
possible values of the total angular momentum, differing
from J; by at most one.

The label m relates to the nature of the space-fixed
electric field polarisation vector. m = 0 denotes linearly
polarised light with the electric field vector pointing along
the space-fixed z axis, while m = %1 corresponds to cir-
cularly polarised light, with the space-fixed z axis pointing
along the propagatlon direction of the light beam. The
parity factor, (—1)”, of the wavefunction for nuclear
motion is the same as that of the initial wavefunction if the
electronic transition is perpendicular, i.e. the transition
dipole moment is perpendicular to the molecular plane, and
it is opposite to the initial parity for a parallel electronic
transition.

Substituting Egs. (26) and (30) into Eq. (25) we obtain:

yjm; (E) = 2 / <ZZ Ylml

c€o IM  Imyp

(]lJM[]m,lml)

J
x> (JjlO|JK] —
K=/

J
< YO (r, R, 0;E) (J,K' M, p|

K'=1
5i+1 A
% Z (_1)m+M,
oyl m M; —(m+M,)

2

J/
x{ > @K (r,R,0,t= 0)> |J', K" M; + m7p/>}

K=}
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27r v /
¢co IM  Imyp

J
x> (JjIO|IK] —
K=2

X (=)™ < ! >
K=30'=Ji—1 m M; —(m+M;)

x{ EJ: <cp,;!”fkf’(r,R, 0,E)|®" (r,R,0,1 = 0)>

K"=)

)(GLIM |jmjlmy)

2
X<‘/7K/7Map|‘II7KH7Mi +m7pl>}

272y
e L) RAC

JM  Imp

J
x> (JjlO|JK] —
K=1
J Ji+1 !
1 J
x 1)m+M < i >
2,2 ey

x{ i (07 (r, R, 0:E) @] ¥ (1,R,0, = 0))

K'=)

)(GLIM |jmjlmy)

2
X 51,1' Ok K 5M‘(M, +m) 51;,17’ }

22 Ji+1
_ nv/dk
C€p

m+M Z Z Y[m/
X (LT (M; + m)|jm;lmy) i(]leUKj -K)

J=Ji—1 Imy
=]

K
1 J; J
X
m M,‘ —(m+M,)
2
E

x i<®,}MKp(r,R70; )|(I){K/(r7R,67t:0)>

K'=7

(31)

where p = p; for a perpendicular transition and p =
(p; + 1) for a parallel transition.
We now define the photofragmentation T matrix ele-
ment as:
J
= (@ (r,R,0;E)|®/X (r,R,0,t =0)). (32)

K'=2

JKp
T,

Using this definition in Eq. (31) we obtain:

277:2‘) . m+M a8 A
o-vjm/(E) = e dk( Z Z lm,
J=Ji—1 Imy
J
X (LI (M; + m)|jmlm;) >~ (JjIO|JK] — K)
K=/
1 Kp
><<m M, (m+M)>TJ (33)

We now expand out the squared quantity and then
perform the integration over the scattering angles k.



Theor Chem Acc (2010) 127:1-17

Jit Jitl

PIp3

J=Ji—1 lm J' ,l[’

212y
Oyjm; (E) = ey

X { / dkY;, (K)Yp,, (k }(]l] M; + m)|jm;lm;)

J J'
X (1T (M; + m)|jm;lm}) > = " (JjIOJKj —

K=AK'=1
Ji J
m Ml' —(m—l—M,)
1 J; J ,
x T
m M,' —(m—i—Ml)
27'EV Ji+1 Ji+1
{Jz >

X Z 51,1’5m,,m; (]lJ(MI + m) ijlml)

1
x(JjIOlJK'j — K') <

X (UT (M; + m)|jm;l' m)

Z Z (JjIO|JKj —

K=.1K'=
< (JJLO'K' — K') b !
m M,’ —(m + M,)
) 7
% L Ji J TJK])TIpr*
m M —(mamp) )Y

o2y 4] Tl
U (el el Vi

X (jUI' (M; + m)|jm;lmy)

}:}jbmum

K=1K'=.

1 J; J 1 J; J!
X
m M; —(m+Mi) m M; —(m-i—M,')

<1y} (34)

K)(JI0lI'K'j — K')

This is the equation for the integral partial cross section
for producing a diatomic fragment in the quantum state
vjm; from a triatomic molecule in the state J; M;. To
my knowledge this is the first time this cross section
has been formulated in this manner. Note that because J,,
M;, j and m; are known, the range of the summations
over [ and m; are quite limited and may be easily
performed.

If we now sum over all possible fragment m; quantum
numbers we obtain:

27_[2\) Ji+1 Ji+1
o) =2 515 S S n i
=Ji— =Ji—1 [ mm;

X (]lJ’(Mi + m)|jmjlm;))

Z Z (JjIOJJKj — K)(JjIOlJ'K'j — K)

K=7K'=1

( 1 J; J >

X
m Ml' —(m + M,)
l Ji J/ d

x( )ﬁ“d‘”} (35)
m Mi —(m + Ml) J J

Now using the orthogonality relationship of the

Clebsch—Gordan coefficients (see Eq. 2.8 of Ref. [83]) to
simplify the square bracket in the first line of Eq. (35) we
obtain:

o2y [ 1! Jit1
0,j(E) = o {,;IZ,; 5y ,;KZ (JjIO|JKj —

1 J; J
x (JI0lJ'K'j — K’)( )
m M,’ —(m—i—M,)

o I J; J TIKp I K ps
m M; f(erM') K
27‘[2v Ji+1 J

Sy

J=Ji—1 K=AK'=

X {Z(leoij -

l

o wt ot o oy —emony)

JKp JK'
TR P*}

" e {in:l izé,ﬂ(( Jii —(miM,-))

=Ji-1K=.K'

o 1 J; J TJ.KPTJ.K/['*

m M,’ —(m—i—M,) K Y
_anv Jizl ij(l Ji J )
" ceo S \m M; —(m+M,;)

" 1 J; J K IR+
m M, —(mM))

where I have used the orthogonality relationship of the 3j
symbols (see Eq. 2.33 of Ref. [83]) in the above
manipulations.

Eq. (36) may alternatively be expressed in the form:

1 J; J T/Kp
m M,' —(m—l—M,) vi

K)(JjI0|JK'j — K/)}

(36)

Ji+1 J 2

2.2

€€ ;7 1 k=,

272y

0(E) = (37)
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Equation (37) is the expression for the integral partial cross
section for the production of diatomic fragments in
quantum state vj summed over all the m; states, arising
from state J;, M; of the initial triatomic molecule. If we
average over the initial M; states [81] of the triatomic and
use the orthogonality and symmetry relationships of the 3j
symbols (see Egs. 2.29 and 2.32 of Ref. [83]) we obtain:

_ 1
5i(E) = 577 > 9(E)
l M;

J+lJ
272y 1 +

- 3cen; + 1 Z

TJ.KP‘Z. (38)
J=Ji—1 K=

V]

4.2 Time-dependent formulation

The above derivation was made entirely within a time-
independent framework. The photofragmentation T matrix
elements encompass all the dynamics of the photodisso-
ciation process. The evaluation of these T matrix ele-
ments using a time-dependent wavepacket approach has
been outlined in “Appendix C” of Ref. [36]. As men-
tioned above the key to the calculation is the definition of
an analysis line. This analysis line is drawn in the
asymptotic region of the potential energy surface and is
defined by a constant value of the scattering coordinate,
R = R,,. An illustration of such an analysis line is given
in Fig. 1.

The function of the analysis line is that we take a cut
through the wavepacket at each time step (or at each iter-
ation), and we then project the function obtained in this
way onto the asymptotic product fragment wavefunctions,
thus obtaining the time-dependent coefficients CJf (7).

C (1) = (@0, (N|®/ (R =R, 0.0))  (39)

The half Fourier transform over time of this coefficient
then yields an energy-dependent amplitude, AJX(E).

Ry

Fig. 1 Illustration of an analysis line in the asymptotic region of the
ground electronic state of ozone molecule (0,-O)
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(40)

The photofragmentation T matrix elements are then
obtained from these amplitudes using the relationship:

1
T‘IKP _ l(_ 1)K71A‘,K (E) (27'[/(‘,]) 2{ 2(1 + 50,1() }eikW-Rx
v v 2 :

u
(41)

The equations equivalent to Egs. (39-41) arising in the
Real Wavepacket method are [41]:

C{y§:< 0)7,,(r {chKR r,R=R.))

where the superscript R in /3% (r,R = R.,) indicates that
only the real part wavepacket is used, the subscript k
indicates the kth iterate (see Eq. 24) of the real part of the
wavepacket and the subscript f indicates that the
wavepacket is the solution of a “mapped” Schrodinger
equation (see Eq. 15).

(42)

N

_ 1 5](() JK
- z_nkz(:)<1 2 > eXp (lfk) CVJk

where AﬂjK (f) is a function of the mapped and scaled energy
[ (see Eq. (13)).

Taking into account now also of the factor j arising
from the necessary transformation of the D1rac delta
function from 6(f — f) to 6(E — E') we obtain:

df 1 00 JK
iE 2n (1 - > exp(ifk) Cy

Ay (F) (43)

f

JK _
ATK(E) =2 :

:;Li 1_% exp(ifk) C’X
/1 — E? AEm £ 2 )P Wk

(44)

An extra factor of 2 has been included in Eq. (44). This arises
from the analysis of “Appendix A” of Ref. [56] where it was
shown that when only the real part of the wavepacket is used
the AJF(E) coefficients must be multiplied by this factor.
This AJ¥ (E;) coefficient may then be used in Eq. (41) to give
the photofragmentation T matrix elements. Note that in Eq.
(44) the AJF (E;) coefficient is a function of the shifted and
scaled energy E; as defined in Eq. (14).

For reference a summary of the equations needed to
compute various reactive scattering and photodissociation
cross sections are listed in “Appendices B and C”, respec-
tively. In particular “Appendix C” gives an expression for
the detailed differential partial photodissociation cross sec-
tion which is not available elsewhere in the literature and
includes a phase correction to the photofragmentation T
matrix elements arising from the fact that the centrifugal
potential is not zero at the analysis line.
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5 Examples

Below I will outline some examples of both reactive
scattering and photodissociation calculations using wave-
packet techniques. The reactive scattering calculations
have all been performed using our Real Wavepacket
method, which was first introduced in 1998 [56]. For
photodissociation the methods used will be the standard
time-dependent wavepacket methods. The Real Wave-
packet formulae for photodissociation have only been
recently written down in Ref. [41] and in the present paper.
They should lead to important improvements in the effi-
ciency of the codes for future applications. (See however
Ref. [86] where similar methods are used).

5.1 Reactive scattering

Figure 2 shows the ratio of the total reactive cross section
for the reaction O + Hy(v =0, j) - OH 4+ H with the
reactant H, molecule inits j = 1 and j = 2 states [87]. The
solid line is from a Real Wavepacket calculation, and it is
compared with an experimentally determined value. The
theoretical results, as with all wavepacket based methods,
span a large range of collision energies, while the experi-
ments were available at only a single energy. The calcu-
lations involved the use of three potential energy surfaces
corresponding to three different electronic states of the
system. Two of these surfaces are coupled through a con-
ical intersection. Calculations must be performed for very
many values of the total angular momentum and the results
summed to obtain the cross sections (see Eq. 59). Also
for the H,(j = 1) reactant, initial wavepackets with K = 0
and 1 must be considered. The calculations used some

1.05

1.00

0)

0.95

1)lo(j=

0.90

olj

0.85

0.80 . . . )
0.0 0.1 0.2

ECoIIision(ev)

Fig. 2 Ratio of total reactive cross section for the reaction
O + Hy(v =0, j) > OH + H with the reactant H, molecule in its
j =1 and j = 2 states. Comparison of theory and experiment. See
Ref. [87]. Solid line calculated using the Real Wavepacket method

0.8 r

0.6

Probability

02 r

OO ’ L L L
0.0 0.2 0.4 0.6

Collision Energy/eV

Fig. 3 Total reaction probability for O + Hp(v =0, =0) —»
OH + H on ground state potential energy surface for different values
of the total angular momentum J. See Ref. [88]

simplifying assumptions, namely the helicity decoupling
approximation in which the coupling between different K
values is ignored and not all values of J were computed. An
interpolation method was used to obtain results for those
values of J which were not explicitly calculated. As we can
see the comparison between the theoretical results and the
experiment is impressively good. This is likely to be
somewhat fortuitous as we would not expect this level of
agreement.

Figure 3 illustrates the important role played by the total
angular momentum in determining the reaction cross sec-
tion. The figure shows the total reaction probability, P,, for
two different values of J for the reaction O + H,
(v =0, j = 0) - OH + H. The total reaction cross section
is related to the total reaction probability by the equation:

N v
0(Ecol; v,j) = T ;(y + 1)Ps(Eco), (45)

There is no barrier to the reaction. Figure 3 illustrates
however that the onset of the reaction occurs at progres-
sively larger values of the collision energy for larger values
of the total angular momentum, J. For any particular col-
lision energy there is therefore a maximum value of J
which can contribute. The increase in the energy onset of
the reaction probability arises from the increase of the
centrifugal barrier with increase in the value of J [88].

We have recently written and started to distribute a Real
Wavepacket based code, DIFFREALWAVE [47, 79] for
the calculation of state-to-state differential cross sections
for atom-diatom reactions. Figure 4 shows the results of
some calculations for the H+ H,(v=0,j=0) —
H,(V/, j)) + H differential reactive cross section using two
electronic state potential energy surfaces which are

@ Springer
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Fig. 4 State-to-state reactive differential cross sections for the
reactions H+ H,(v=0,j=0) > H,(W =1,/ =1,5) + H at
different total energies. Two lines are shown. One corresponding to
scattering on a single adiabatic potential energy surface and the other
corresponding to scattering on two coupled diabatic potential energy
surfaces with the cross section summed over the products scattered
into the two diabatic channels. (Figure used with permission from
J Chem Phys 130, 144301 (2009))

connected by a conical intersection [89]. The figure also
shows the result of two different calculations. One uses just
a single adiabatic potential energy surface, while the other
uses two coupled diabatic surfaces and the cross sections
on the two diabatic surfaces are summed. The two sets
of results are indistinguishable, showing that, at the ener-
gies shown, there are no detectable effects due to
non-adiabaticity arising from the conical intersection.

Figure 5 shows a differential reactive cross section for
the reaction HY + D,(v =0, j = 0) - D' + HD [90].
The figure compares the exact calculations with a statistical
approximation. The reaction proceeds through a deep well
and is generally assumed to be highly staticical in nature.
The small differences between the results of these two
calculations shows that there is a degree of non-statistical
dynamics which occurs in the reaction.

5.2 Photodissociation theory

Figures 6 and 7 show ab initio calculations on the photo-
dissociation of HF [91, 92]. Figure 6a shows the total
photodissociation cross section for HF from its ground
v = 0 vibrational state as a function of the energy of the
light. The circles in the figure show the experimental
measurements of Nee et al. [93]. Figure 6b shows the cross
section for HF initially in its excited v = 3 vibrational
state. Here we see clearly the nodal structure of the initial
vibrational state mirrored in the energy dependence of the
cross section.

HF can dissociate to yield either ground state, F (ZP%),
fluorine atoms or electronically excited F (ZP%) atoms.
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Fig. 5 Total reactive differential cross sections for the reaction
H' + Dy(v =0, = 0) » D' + HD calculated using the “exact”
Real Wavepacket method (solid line) and an approximate statistical
quasi-classical trajectory approach (dash-dot line) (see Ref. [90])

Figure 7 shows the branching fraction I' = ¢* /(o + ¢*) for
producing excited state atoms as a function of the energy of
the dissociating light [91, 92]. The ab initio calculations
[91, 92] (solid lines) agree well with the experimental [94]
measurements of these quantities. The highly structured
form of the branching fraction for HF(v = 3) (Fig. 7b) is a
consequence of the structure seen in its photodissociation
cross section (Fig. 6b).

The magnitude of the photodissociation cross section
depends directly on the transition dipole moment. The
computed value of the transition dipole in turn is very
sensitive to the quality of the ab initio calculation. Figure 8
shows the total photodissociation cross section for the
2A’ « 1A’ absorption in N,O calculated using potential
energy surfaces and transition dipole moment surfaces
computed using different atomic orbital basis sets. All the
electronic structure calculations were performed using
Multi-reference configuration interaction methods [95]. It
is instructive to notice that quite large atomic orbital basis
sets (QZ or quadruple zeta) are needed to attain reliable
results.

Figure 9 shows the calculated N, product rotational
quantum state distribution arising from the 2A’ « 1A’
photolysis of N,O using light of wavelength 203.2 nm. The
two parts of the figure correspond to N,O being initially in
its lowest rotational-vibrational state and in a state with one
quantum of bending vibration. The theoretical rotational
distributions can be compared to the those obtained
experimentally from both state-selected ((010) level) [96]
and non-state-selected [97] photodissociation at 203 nm
which peak at j,.x = 74. We see that the calculated rota-
tional quantum state distribution from the ground rota-
tional-vibrational state (Fig. 9a) peaks exactly at the same
quantum number as observed experimentally, while pho-
tolysis of an a molecule initially with one quantum of
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Fig. 7 Branching fractions for
HF. The quantities plotted are
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cross section for producing 05}
ground state fluorine atoms,
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producing excited state atoms, 041
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initial vibrational state (v = 3).
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Fig. 8 2A’ « 1A’ cross sections using ab initio potential energy
surfaces and transition dipole moment surfaces computed using
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augmented valence triple zeta, AVQZ(-g) augmented valence qua-
druple zeta minus g type Gaussian orbitals. (Reprinted with permis-
sion from Ref. [95])
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bending excitation (Fig. 9b) leads to a distribution which
peaks at jn.x = 75. Note also the immensely greater
magnitude of the cross sections when N,O is initially in an
excited bending vibrational state (Fig. 9b) when compared
with those when it is initially in its ground vibrational state
(Fig. 9a). This arises because the transition dipole moment
is zero in the collinear electronic ground state equilibrium
geometry and the absorption is entirely dependent on the
bending motion of the molecule. In the ground vibrational
state this bending motion is provided by the zero point
motion of the bending vibration.

Figure 10 shows the calculated [98, 99] photon
absorption cross section for ozone initially in its lowest
vibrational-rotational state and possessing zero total
angular momentum. The calculated cross section is com-
pared with the experimentally measured [100] absorption
spectrum in the region of the Hartley continuum. We see
clearly that the peak of the calculated cross section occurs
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Fig. 9 Product rotational quantum state distribution resulting from
the 2A’ « 1A’ photolysis at 203 nm. N,O initially in its (a) ground
vibrational-rotational state; (b) the 010 vibrational-rotational state
with one quantum of bending vibration. (Reprinted with permission
from Ref. [95])

at a larger wavelength than the peak of the experimental
absorption spectrum. This must arise from the inadequacy
of the computed or numerically fitted potential energy
surfaces. It is likely that the energy separation of the
ground and B state potential energy surfaces is too small in
the region of the minimum of the ground state surface.
Another major difference between the calculated and
experimental spectra is that the theoretical absorption cross
section shows far more superimposed “diffuse” structure
than the experimental spectrum. This structure generally
arises from part of the wavepacket becoming temporarily
trapped on the excited state potential energy surface. We
are still working on resolving the reason for this difference
between the experimental and computed lineshapes. The
calculations used only one diabatic potential energy surface
for the upper electronic state. They ignored non-adiabatic
transitions leading to the production of ground state O,
molecules. This is one possible reason for the enhanced
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Fig. 10 Comparison of experimental [100] and theoretical [98, 99]
absorption cross section of ozone in the region of the Hartley
continuum. For the theoretical calculations ozone molecule was
initially taken to be in its lowest vibrational-rotational state with zero
total angular momentum

structure of the theoretical absorption spectrum as com-
pared with the experimental one.

Figure 11 shows the calculated absorption cross section
for ozone starting initially in different vibrational levels. In
all cases the initial rotational angular momentum was zero.
Excitation of a single quantum of the symmetric stretching
motion ((100) level) results in a double peaked absorption
lineshape, a broadening of the absorption spectrum to
longer wavelengths and a decrease in the peak absorption
strength. Excitation of the bending motion ((010) level)
leads to only a very small, almost imperceptible, shift of
the absorption lineshape to longer wavelengths while
excitation of the asymmetric stretching motion ((001)
level) results in a major reduction in the diffuse structure
accompanied by a shift of the lineshape to longer wave-
lengths. Excitation of the asymmetric stretching motion
leads to a more direct dissociation processes in which the
molecule has less opportunity to become temporarily
trapped on the excited state surface.

6 Conclusions

In this article I have reviewed the role of wavepackets in
the theory of photodissociation. Its role in reactive scat-
tering theory has been extensively reviewed elsewhere [36,
41]. The article discusses how, starting from a time-inde-
pendent viewpoint, a time-dependent wavepacket approach
can be introduced into the theory. An alternative form of
the time-dependent Schrédinger equation, first introduced
by Gray, [57] is then discussed. This iterative equivalent to
the standard time-dependent Schrodinger equation does not
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Fig. 11 Computed photon absorption cross sections for ozone starting in different initial vibrational levels. The vibrational levels are marked on
the different panels. In all cases the initial total angular momentum was zero [98, 99]

involve the complex number “i” and therefore permits the
separation of the real and imaginary parts of the solution.
The Real Wavepacket method [56] is then discussed. The
method uses a mapping of the Hamiltonian and through
this circumvents the need to evaluate either cos(Ht/%) or
exp(—iHt/%) but instead uses the Hamiltonian itself
directly. The advantages of the Real Wavepacket method
are that it requires overall far fewer evaluations of the
action of the Hamiltonian on the wavepacket and it requires
less storage, as only the real part of the wavepacket is used
during the major part of the calculation.

The application of the Real Wavepacket method to the
calculation of both the total integral photodissociation cross
section and partial differential and integral cross sections is
discussed. In the case of the partial cross sections some new
equations are developed. Three appendices are presented.
These cover the definition of the initial wavepacket in the
photodissociation of a triatomic molecule and a summary of
the equations needed for the evaluation of cross sections in
both reactive scattering and photodissocaition theory when
using the Real Wavepacket method.

Section 5 gives examples of the use of wavepacket
calculations for both reactive scattering and photodisso-
ciation theory. The theory and its application to explain-
ing and understanding experimental results is maturing
and the constant increase in computer power is enabling
progressively more exact calculations to be undertaken.
An important aspect of both reactive scattering and

photodissociation that has not been covered in this article
is that of vector correlation and alignment. This area is at
the forefront of both experimental and theoretical
molecular dynamics [101-105].
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Appendices

Appendix A: detailed definition of the initial
wavepacket for photodissociation
of a triatomic molecule

The results presented here follow the analysis presented
in Ref. [80]. It is only possible to give a definition of the
functions ®/X(r,R,0,t =0) when we have specified
whether the electronic transition involved is perpendicular
or parallel (i.e. the transition dipole moment is perpen-
dicular to the molecular plane or lies in the plane).

For the case of a perpendicular transition when the
transition dipole is in the body-fixed y direction (perpen-
dicular to molecular plane).
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For the case of a parallel transition when the transition
dipole lies in the molecular plane xz we obtain:

®'%(r,R,0,t =0)

1 1
= —(2Ji +1 );(21/ + 1) 5p1p’+1

V8n?
S ko g
Ki=1 V2 N

(R LR
X : — Ok
My | K _(1 JrK;) K Ki+1 K;,0

1 1 J J,
(=1 1+ 80 k- ( : >
RV A

X0k k-1 (1 — k. 0)]

1 4 7
+ V21 0k k. (1 — O
(0 K Ki) 10k k. K.0)
1 J, 7
Ok 10K.00
+<1 0 _1>Hx K,10K;,00,0

!

.Z) ) #151{,051@05&0}' (47)
Appendix B: summary of reactive scattering
formulae for the Real Wavepacket method

This appendix is a summary of the equations needed to
compute the reactive differential and integral cross sections
for an atom-diatom reaction. The equations are taken from
Ref. [47]. An important aspect of reactive scattering is that
there are two different Jacobi coordinate systems, the reac-
tant (R”, r“, y*) and the product (R, r°, y°) coordinates.

1. Initial wavepacket

q(Ra’ ra’ ya;t _ 0) _ W(Ra o Ro)efiko(RafRO)qD‘]iiC(ra’ yu).
(48)

where w(R® — Ry) is a sinc or Gaussian [106] and
@ps(r“,)*) is the initial wavefunction of the reactant
diatomic.
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2. Transformation to product Jacobi coordinates
/ R( ¢
JQ Q a J

q ,70°) qJ R"r" dQQ’(ﬂ) (49)
where d,, () = Dfm,(OﬁO) is a reduced Wigner rotation
matrlx [82, 83] and f is the angle between the vectors R
and R’

From this point on we work entirely in terms of product
Jacobi coordinates, (RS, 1, y) = (R, 1, 7)

3. Analysis of wavepacket and calculation
of differential cross sections

C\{,/'A,Qav’,j’,Q’(t) = / (p:’J’(rv A)))qjg (R = ROO7 Y, t)drdy
(50)

where ¢J, (7, y) is an eigenfunction of the product dia-
tomic and qJQ R =Ry,r,y,t) is the real part of the
wavepacket.

1 r ;
A‘\f,/ Q—v' j', Q’ = %/ Et/h ‘\{J Q—v'j, Q’(t)dt (51)
0

Body-fixed Space-fixed transformation: In order to
calculate the correct phase of the S matrices we need to
transform to the space-fixed coordinates, add some missing
phase and then transform back.

min(j',J

J
Av,} {—v' ', (” E :

where 7/ oy are the elements of the transformation matrix
for the products and ZJ, for the reactants.

The transformation matrix with elements Zm,, is the
matrix which diagonalises the Coriolis coupling matrix (i.e.
whose columns are the eigenvector of this matrix).

The S matrix elements in the space-fixed coordinate

system are then given by [56]:

1/2
2 (kyky
(1 — E2)\PAE\ pp,
247

v l—v' l’(E)
g( kW)

where E; is the scaled and shifted energy corresponding to
the energy E, i, and u, are the reduced masses for the
scattering coordinates in the reactant and product Jacobi
coordinates respectively. k. is the wavevector component
associated with the product channel and is calculated as

o +1)
kvrjf = 2/Jp (E - (8\//" + W) ) . (54)
P Yoo

The quantities 6#,-;, and dn, ; , in Eq. (53) are phase
corrections that arise because the centrifugal potential is

w Qv o (E)Z) oy (52)

S‘c,j.({ﬂv’j’,l’ (E) =

X efi(kv’j’Rx+‘3’7u’j’ﬂ+5’7\y‘é’) (53)
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not zero at the analysis line. The correction to the phase in 2. Partial cross sections and final state analysis
the exit ch 1 is:
€ eXi1l channel 1S C‘{J]]i < KV] |(I)][(R r R R )> (61)
oo
o +1
SMyjp = / dR{ |24, (E — &y — ;;2)> see Eq. (42).
My N
R 1 2 5/{ 0
* AK(E) = ——— 1-== ifk)C’K
vj ( .S) MAET[ ;( 2 exp(sz) vjk
2u, (E = &vy) (55) ©2)
while in the entrance channel the equivalent correction is:  5¢€ EQ. (44) and see Eq. (14) for a definition of the shifted
~ and scaled energy, E
oy = / dR{ \/ n (E oy — 6(26 J;e ;)) The photofragmentation T matrix elements are:
’ Wy 1
Ro 7K _ i(— 1)K7jAj(( (E) (anvj)Z{ 2(1 + 50’K>}eikax
vj vj ; 2 .
2u, (E — svj)}. (56) (63)

The integrals in Eqgs. (55) and (56) can be performed
analytically [47].

Having calculated the S matrix in the space-fixed basis
we now transform back to the body-fixed basis.

J J J
S iavya(E Zz 50Sh it 0 (E)Zyy (57)

The differential cross section is then given by [36, 84]:
1

O-(Ea 01V7j - V/)j/) -

2j+1
{ 2
J J
x ZW D @I+ 1)S) o s o (E)de (0) (58)
Qo Y
The state-to-state integral cross section is given by:
n 1

E v i

O'( yVeol — a]) k22]+1z
2
XZ 2J+ VJQHVX] Q'(E)‘ (59)

Appendix C: summary of photodissociation theory
formulae for the Real Wavepacket method

This appendix is a summary of the equations needed
to compute the photodissociation cross sections arising
in the photodissociation of a triatomic molecule. The
equations are derived in the present paper and in Refs.
[36, 80, 41].

1. Total integral photodissociation cross section

8ny Ji_:l ZZ( 5k0>
AE\/—EZCE()J ST k=7 k=0

x exp(ifl){ 5% (r, R)| 0/ (x, R) )

O ot (E)

(60)

See Egs. (13) and (14) for meaning of f, the mapped
energy.

Phase Corrections:

By analogy with the reactive scattering case it is clear
that a phase correction will be needed for the photofrag-
mentation T matrix elements to take account of the fact
that the analysis line may not be sufficiently far out for the
centrifugal barrier and coupling to be negligible. Making
an analogy with Eq. (52), Q' in Eq. (52) has the same
meaning as K in Eq. (63). We may therefore transform the
photofragmentation T matrix from the body-fixed to the
space-fixed coordinate frame using:

min(j,J)
Jlp JKp
ijl = Z ij IZZJK (64)
K
Now apply phase correction (see Eq. (55)).
SIlp _ llp —idn,
Ty = TP e (65)

and then transform back to the body-fixed frame to obtain
the corrected photofragmentation T matrix elements:

min(j,J)
~JKp _ Z =Jp ]
ij - ij ZKI
K

(66)

The state-to-state photofragmentation differential cross
section is then given by (see Eq. 33):

Jitl
N 272y +

Oyjm; (Ea k) = -1 M

¢ IS

X § : Ylm,

lm,

(1 J 95
m M,‘ —(m+M,) 7

where k represents the direction in the laboratory reference
frame into which the scattering takes place. Note that both

J
k) (1] (M; + m)|jm;lmy) > (JjI0|JKj —
K=/

2 (67)
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the initial M; state and the final m; state are specified in this
expression and that these magnetic quantum numbers have
not been summed or averaged over.

We can sum over all m; product states and integrate over
all scattering angles to obtain the state-to-state integral
photofragmentation cross section (see Eq. 37):

27‘[2\1 Jitl J 2

_ 1 J; J JK
6, (E) = — ' T,;"
i*) c€o J:Jﬁlz; (m M; —(m+M,-)> !

(68)

This cross section is for the molecule initially in the rota-
tional state J;, M; and m represents the spherical vector
polarization direction of the photodissociating light.

The integral photofragmentation cross section averaged
over initial M; states and summed over final m; states can
be found by averaging Eq. (68) over M; states using Eq.
(3.7.8) of Ref. [82].

1 2752\) Ji+1 J

2
Gi(E) = —— "V 7K ’
7;(E) (27, + 1) 3cey 2~

V]

(69)

1 K=1

Reference [81] describes the different detailed cross
sections and their interrelationships. Taking the sum of the
partial cross sections in Eq. (69) over all final state quantum
numbers should give the same total photoabsorption cross
section as in Eq. (60). As these two quantities are calculated
in completely different ways this provides a valuable
internal check of the calculations.
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